Abstract-Carrier diffusion and spatial hole burning can have a severe impact on vertical cavity surface emitting laser (VC-SEL) performance. In particular, these phenomena can produce secondary pulses, bumps, and optical tails in the VCSEL turn-off transient which limit both the system bit rate and the bit error rate (BER). To study these effects, laser rate equation models that include both spatial and temporal dependence are often employed; however, simulations which require discretization of both space and time, while accurate, typically consume vast amounts of computational power. In this paper, we demonstrate that models based on well-accepted spatially independent rate equations can be used to simulate these effects. These models exhibit the advantages of the full spatio-temporal approach but execute much more quickly. We also integrate these models into electronic computer-aided design (CAD) tools which will enable circuit and system designers to simultaneously simulate electrical and optical performance.
I. INTRODUCTION
T HE ability to operate laser diodes, such as vertical cavity surface emitting lasers (VCSEL's), at high bit rates is an important factor in the design of optical interconnect and photonic communication links. Although most high-speed laser modulation research has focused on extending the relaxation oscillation frequency and the 3 dB point, the study of turn-on and turn-off transients is equally important since the laser is ultimately modulated by a digital, time-domain bit stream in most communication systems. Due to their increasing popularity, this issue is particularly relevant to VCSEL's.
It is well known that the transverse mode profile of the optical beam can affect the modulation response of laser diodes [1] - [5] , VCSEL's being no exception [6] . Specifically, spatial hole burning and lateral carrier diffusion have been identified as two mechanisms which can lead to slow tails and secondary pulses during the turn-off transient [4] - [6] . As the optical mode evolves, a spatial hole is burned in the carrier profile. When the injection current is reduced to its off state, carriers diffusively redistribute and fill the spatial hole; this allows the device to continue lasing, resulting in a slow turn-off transient. In the extreme case, the carrier population which overlaps the optical mode actually drops below threshold before the diffusing carriers can redistribute to fill the spatial hole, shutting off the laser. If the carrier population outside the optical mode is large enough, its eventual diffusion into the spatial hole will be sufficient to momentarily turn the laser back on. As Fig. 1 illustrates, this secondary pulse has been observed experimentally in VCSEL's; other researchers have reported similar results [18] . While this pulse will typically decay very quickly, its mere presence degrades the maximum attainable bit rate and the minimum BER. Because this phenomenon is not merely a laboratory curiosity but is actually observed in practice, the ability to model these effects is of critical importance when designing circuits and systems that contain VCSEL's. If designers use VCSEL models that do not contain these diffusive effects, their simulations will indicate an erroneously optimistic level of performance, necessitating costly and time-consuming redesign.
Since the responsible mechanisms have a strong geometric/spatial dependence, previous approaches to modeling these phenomena in VCSEL's [6] have relied on rate equation implementations which include spatial dependence of both the carrier and mode profiles. Although very accurate, simultaneous spatial and temporal computation requires the discretization and solution of the rate equations in both space and time; this often results in prohibitively long simulation times, especially for large-scale optoelectronic designs [7] . While these long simulation times are generally acceptable during the design of individual VCSEL devices, they are completely unacceptable when used to design systems, especially those that contain both optical and electrical devices such as laser-based transmitters. This is particularly true for circuits and systems that employ numerous VCSEL's such as shortdistance data communications and optical interconnects. One example is the multichannel parallel optical data link [9] - [11] , 0733-8724/99$10.00 © 1999 IEEE which uses either monolithic or discrete one-dimensional arrays of lasers. Other examples are optical interconnect and smart pixel systems that use two-dimensional (2-D) arrays of VCSEL's (e.g., 8 8) to transfer massively parallel amounts of data optically [12] , [13] . In these cases, the need to simultaneously model multiple VCSEL's clearly demonstrates the need for an efficient laser model. Even in designs that require only one laser, such as traditional (single-channel) fiber-optic systems, the need to simulate the performance of the optical device (VCSEL) together with the electrical devices (transistors) provides ample motivation for a compact VCSEL model which can be executed in times comparable to those of transistor models. The need for such a model in studies of a statistical nature, which often require thousands of simulation runs [14] , is obvious.
In this paper, we show that it is possible to use spatially independent rate equations [1] , [2] , [14] to model diffusionbased phenomena in the VCSEL turn-off transient. Removal of spatial dependence from the traditional approach greatly simplifies the model without sacrificing simulation accuracy, as evidenced by comparisons which will be depicted in later sections. We implemented the spatially independent VCSEL model into a standard circuit simulation environment; this enables electronic integrated circuit (IC) designers to simultaneously evaluate the performance of both VCSEL's and electronic devices.
II. MODEL DEVELOPMENT
In [1] - [3] , [8] , [14] , and [15] , the effects of spatial hole burning and lateral carrier diffusion are included in the standard laser rate equations by allowing the electron and photon populations to have a transverse spatial dependence. Although [1] - [3] used a one-dimensional Cartesian coordinate system to account for this dependence, to apply this analysis to VCSEL's, [8] , [14] , and [15] used a cylindrical coordinate system to better describe the VCSEL geometry. The rate equations in generalized coordinates are given by (1)-(3). Carrier redistribution is modeled through addition of a diffusion term in the electron rate equation (1) (1)
In these equations, the electron and photon populations, and , respectively, are defined to be the electron and photon numbers; the vector denotes position; is the electron transparency population; is the gain coefficient; is the phenomenological gain saturation term [16] , is the magnitude of ; is the effective electron diffusion length; and are the electron and photon lifetimes, respectively; is the spontaneous emission coupling coefficient; is the electronic charge; and is the injection current.
As discussed previously, solution of these equations requires the computationally intense discretization and solution of (1) and (2) in both space and time. However, if functional forms for the electron and photon distributions are assumed in advance, the spatial dependence can be eliminated from the rate equations through integration [1] - [3] , [8] , [14] , [15] . If cylindrical coordinates and azimuthal uniformity of all relevant quantities are assumed, the analysis can be performed in terms of the radial coordinate . A common representation for the electron distribution in this case is a Bessel series expansion (4) [8] , [14] , [15] ; the photon distribution can be represented in general terms by (5) (4) (5) In these equations, is the radius of the active region, is the zero-order Bessel function, is the th root of the firstorder Bessel function with , and is the photon distribution with as its magnitude. These distributions are substituted into the rate equations which are subsequently integrated over the VCSEL active region. As a result of the orthogonality of Bessel functions (6) a separate electron rate equation is generated for each term in the Bessel expansion. It should be noted that although most applications of this analysis assume that carriers are restricted to the active region, the photon distributions (i.e., the first and last terms of (2)) should actually be integrated over the radius of the entire device when the photon distribution extends outside the active region (i.e., weak index guiding).
Often, only two terms, and , are retained in the expansion of (4) . When this is the case, can be physically interpreted as the average electron population and can be viewed as the magnitude of the deviation of from as the result of spatial hole burning (Fig. 2) . In general, however, the number of terms should be chosen according to the particular structure and conditions under study; when more than two terms are retained [i.e.,
in (4)], it may not be possible to assign physical interpretations to each of the terms in the electron expansion. For example, the analysis conducted in [14] required four terms to obtain sufficient accuracy. It must be emphasized that each additional term in the expansion will necessitate an additional rate equation in the model. Implementing additional nonlinear differential equations into the model will obviously make it more complex and less efficient; thus, there is a classic tradeoff between simulation speed and model accuracy.
If the electron distribution is limited to two terms and the current distribution is assumed to be uniform, the spatially dependent rate equations (1)-(3) can then be reduced to a set of three spatially independent rate equations through the procedure outlined previously [1] - [3] , [8] , [14] , [15] (7) (8) (9) In these equations, and the coefficients are integrals which represent the overlap between the photon and electron distributions (10) (11) (12) (13) While the overlap integrals of (10)-(13) appear to add a great degree of complexity to the model, it is important to realize that calculation of these integrals for a particular device takes place only once, resulting in numerical values for . Once the coefficients are calculated, all spatial dependence is removed from the rate equations. In [1] and [2] (which used Cartesian coordinates), a convenient choice for the photon distribution allowed to be calculated analytically. In general, however, can always be integrated numerically for arbitrary choices of . This is the case in the cylindrical coordinate system where Bessel functions must be calculated and integrated numerically. It should be noted that the values of and were taken to be 3.8317 and 0.4028, respectively.
Clearly, solution of (7)- (9) will require considerably less computational power and time than the original equations (1)-(3) since the number of independent variables has been reduced from two to one . However, as will be shown in the next section, these equations are still capable of modeling diffusion-induced effects in the laser's turn-off transient. Consequently, we have chosen to use these equations as the basis for our VCSEL modeling.
For the analyses that will be illustrated in the next section, a Gaussian mode profile (zero-order Laguerre-Gaussian beam) was chosen for the photon distribution as illustrated in Fig. 3. (14) In (14) , is the radius of the beam waist and is the radius of the active region. The parameter will be used to denote the ratio . As mentioned previously, while the electron terms are integrated over the active region, the photon terms should be integrated over the whole device to account for the entire optical mode. Since the intensity of the Gaussian mode profile in (14) decays very rapidly with increasing , we assume that at edge of the typical device. It is worth noting that since is arbitrary, this analysis can be easily applied to multitransverse mode VCSEL operation; in this case,
should be normalized such that its integration over the radius of the device yields . Although and appear separately in (14), a simple change of variables in the integrations of (10)-(13) (e.g., ) will reveal that neither nor needs to be explicitly specified; only their ratio is required. Before proceeding, it should be noted that all effects of diffusion, spatial hole burning, and cavity dimension are now captured in the two parameters and , where represents the role of diffusion in the model, and describes the overlap of the optical mode with the carrier distribution. These parameters provide a much more intuitive description of their associated effects as compared to the more complicated expressions that they represent. For example, increasing values of represent increasing overlap between the optical mode and carrier distribution, resulting in reduced diffusive effects.
III. SIMULATION OF TURN-OFF TRANSIENT
The general method presented in the previous section was pioneered by Furuya in [2] and by Moriki in [8] . The results of that approach were then exploited by Tucker in [1] to derive a gain saturation term to describe diffusive damping effects on the modulation response of laser diodes. The approach of [2] and [8] was also used by Chinone in [3] to analyze relaxation oscillation suppression and slow optical increases in the laser turn-on transient. Similarly, this approach was used by Dellunde in [14] to study the statistical turn-on process in VCSEL's. In this work, we demonstrate that the general approach described in the previous section can be applied to the study of diffusive turn-off transients in VCSEL's through prudent choice of electron and mode profiles. In this section, we will show the effectiveness of this spatially independent approach as compared to the spatially dependent alternative [6] .
Using (14), we implemented the spatially independent rate equations (7)- (9) in a conventional SPICE-like simulator through equivalent circuit mapping using methods similar to those demonstrated in [7] . Use of standard computer-aided design (CAD) tools for optical models greatly facilitates the design of optoelectronic systems by electronic IC designers. We then used the following parameters to model a VCSEL with an approximately 0.5 mA threshold current and 0.25 mW/mA slope efficiency ns, ps, s , , and . The ratio was chosen to be 0.8, resulting in values of , , , and . A 5 mA current pulse with a 4 ns duration was used to drive the VCSEL. As documented in [6] , diffusion-induced effects in the laser turn-off transient become less pronounced as the current in the off state decreases; thus, a bias current of mA was maintained. It is well known that a bias current near threshold is desirable for high-speed modulation; thus, a tradeoff is generated between bit rate and the appearance of diffusive effects.
The resulting laser turn-off transient is depicted in Fig. 4 , where a secondary pulse is clearly seen after the current step is reduced. As explained previously, although the laser turns off when the current step is reduced below threshold, carriers diffuse into the area overlapping the optical mode to replace those that were lost to spatial hole burning. When this happens, the number of carriers in the active region momentarily exceeds the threshold population, resulting in a transient pulse. Once the injected current is reduced to its off state, there is a delicate balance between the lasing threshold requirement, the extent of the spatial hole, and the carrier population that overlaps the optical mode. If this balance is perturbed by, for example, reducing the current in the off state well below threshold, secondary pulses will not occur, since diffusion will produce insufficient carriers to bring the laser back above threshold [6] .
Because of the previously mentioned balance between the lasing threshold, the spatial hole, and the carrier-mode overlap, secondary pulses can actually give rise to tertiary pulses under certain conditions [6] . Fig. 5 depicts the same simulation as Fig. 4 , except that has been reduced from 20 to 6. Since , a lower physically corresponds to either a shorter effective diffusion length or a wider active region. For example, for a given effective diffusion length, the shift in from 20 to 6 would represent an 83% increase in the size of the VCSEL active region. Similarly, to achieve the same effect using a VCSEL with a fixed active region, the effective diffusion length would have to be reduced by 55%. As seen in the final term of (8), decreasing has the effect of increasing the effective lifetime of , as seen in (15) (15) Since describes the extent of the spatial hole, increasing increases the time required for the spatial hole to fill. This delays the recovery of the modal gain which delays the onset of the secondary pulsation and magnifies its effect. In Fig. 5 , tertiary pulses clearly appear as the initial spatial hole is filled, burned by the secondary pulse, then filled again.
Another effect demonstrated in this model is the impact of spontaneous emission on the turn-off transient. It is well known that as spontaneous emission increases, the threshold current becomes less sharp, resulting in a "soft" turn on in the -characteristic [17] . Because the distinction between "on" and "off" is diminished, when the current is reduced to its off state, the presence of increased spontaneous emission prevents the laser from turning off completely before the onset of diffusive effects. This results in a bump rather than a secondary pulse in the turn-off transient as seen in Fig. 6 . In the extreme case, the bump resembles a tail (Fig. 7: ). Values of this large are commonly found in microcavity VCSEL's [19] , [20] . (1)- (3) in both time and space and solving the resulting spatio-temporal differential equations. To illustrate the validity of applying the spatially independent rate equations to study diffusive turn-off transients, we compare our results with those generated by a traditional spatio-temporal simulation [6] .
For our spatially independent simulations, the following parameters were used to model a VCSEL with a 0.85 mA threshold current and a 0.21 mW/mA slope efficiency: ns, ps, s , , and
. The parameter was chosen to be 0.68 which results in values for the coefficients of , and . The laser was driven by a current pulse with a value of mA in the low state and mA in the high state. A comparison between the spatially dependent [6] and spatially independent simulations is depicted in Fig. 8 . As seen in this figure, the results compare quite favorably.
V. CARTESIAN COORDINATE ANALYSIS
It was mentioned in previous sections that to better model the true VCSEL geometry, analysis of diffusive and spatial transients is best conducted in cylindrical coordinates. Diffusive spatial phenomena are not, however, limited to VCSEL's; indeed, similar effects occur in edge emitters as well. However, in the case of edge emitters, Cartesian coordinates are best suited to model the device geometry [1] - [4] .
Fortunately, the derivation of the preceding analyses in Cartesian coordinates is completely analogous to the derivation in cylindrical coordinates. The main difference is the definition of carrier and mode profiles. In Cartesian coordinates, a cosine expansion is chosen over a Bessel function expansion due to the orthogonality of cosines in Cartesian coordinates. For a two-term expansion, the electron distribution is defined by (16) (Fig. 9) while the photon distribution is again described in general terms: (16) Applying the previously detailed procedure to Cartesian coordinates results in the same set of spatially independent rate equations (7)- (9) In this case, the parameter refers to the width of the active region and has been normalized such that its integration over the width of the device equals .
A simple choice of such as that chosen in [1] , (22) will allow (17)- (20) to be integrated analytically (22) To generalize previous approaches, we propose here a choice for in (23) which allows the mode profile to expand or contract arbitrarily across the active region ( Fig. 10) (23)
In this definition, is used to denote the width of the optical mode and again represents the fraction of the active region occupied by the mode. From Fig. 10 it is seen that (23) approximates the shape of a Gaussian profile, however, since it is modeled by a cosine, it is analytically integrable. For further accuracy, a true Gaussian profile can be chosen for , inserted into (17)- (20), and numerically integrated. Analytically integrating (17)- (20) using (23) results in values for as shown in (24)- (27). In these equations, we allow to be greater than one to include situations where the mode extends outside the active region The analytical forms of (24)-(27) result in a very compact, yet flexible, model. Again, all spatial effects are captured in and . As in cylindrical coordinates, neither nor needs to be explicitly specified; only their ratio is necessary.
VI. CONCLUSION
In this paper, we demonstrated the spatially independent simulation of diffusive effects in the VCSEL turn-off transient; these effects were shown to arise mainly from spatial hole burning. The ability to model these phenomena is important since anomalies in the turn-off transient ultimately limit the bit rate and the BER in circuits and systems that contain VCSEL's. While traditional approaches depend on the discretization and solution of spatio-temporal rate equations, the method presented in this paper used spatially independent models. This spatial independence allows the user to simulate VCSEL's in a very quick and efficient manner and to easily ascertain tradeoffs between these diffusive effects and overall system requirements. We implemented the equivalentcircuit VCSEL models into a standard SPICE-like simulator and showed that our spatially independent simulation results compared very favorably with the spatio-temporal simulations of [6] .
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